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IWASAWA THEORY OF AUTOMORPHIC REPRESENTATIONS OF
GL2n AT NON-ORDINARY PRIMES
ANTONIO LEI AND JISHNU RAY
Abstract. Let Π be a cuspidal automorphic representation of GL2n(AQ) and let p be
an odd prime at which Π is unramified. In a forthcoming work, Barrera, Dimitrov and
Williams construct unbounded p-adic L-functions interpolating complex L-values of Π
in the non-ordinary case. In this article, we construct two bounded p-adic L-functions
for Π, thus extending an earlier work of Rockwood by relaxing the Pollack condition.
Using Langlands local-global compatibility, we define signed Selmer groups over the p-
adic cyclotomic extension of Q attached to the p-adic Galois representation of Π and
formulate Iwasawa main conjectures in the spirit of Kobayashi’s plus and minus main
conjectures for p-supersingular elliptic curves.
1. Introduction
Review on results on elliptic curves and modular forms. Let p be a fixed odd
prime and f =
∑
m≥1 amq
m a cuspidal elliptic modular form. When f has good ordi-
nary reduction at p, Mazur and Swinnerton-Dyer, as well as Manin, constructed a p-adic
L-function attached to f which is a bounded measure on Γ := Gal(Q(µp∞)/Q), interpo-
lating complex L-values of f twisted by Dirichlet characters on Γ (see [MSD74, Man73]).
When f has good non-ordinary reduction at p, the situation is quite different. While the
aforementioned works on the ordinary case can be extended to the non-ordinary case, the
resulting p-adic L-functions turn out to be unbounded distributions (see [AV75, Viˇs76]).
In [Pol03], Pollack showed that when ap = 0, there is a very elegant way to decompose
the unbounded p-adic L-functions attached to f , using the so-called plus and minus log-
arithms, into bounded measures by exploiting the symmetry between the two roots of
the Hecke polynomial of f at p. These bounded measures were utilized by Kobayashi
to formulate the so-called plus and minus Iwasawa main conjectures in [Kob03] when f
corresponds to an elliptic curve defined over Q. More precisely, Kobayashi defined the so-
called plus and minus Selmer groups over Q(µp∞). Using Kato’s Euler system constructed
in [Kat04], he showed that their Pontryagin duals are torsion over the Iwasawa algebra of
Γ and related the characteristic ideals of the Pontryagin duals of these Selmer groups to
Pollack’s bounded p-adic L-functions. Kobayashi’s work has been generalized to general
modular forms when ap = 0 by the first named author of this article (see [Lei11]). The
1
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works of Pollack and Kobayashi have been simultaneously generalized to the ap 6= 0 case
by Sprung [Spr12] (for elliptic curves) and by Lei–Loeffler–Zerbes [LLZ10, LLZ11] (for
general modular forms).
Automorphic results. Let n ≥ 1 be an integer and Π a regular, algebraic, essentially
self dual, cuspidal automorphic representation of GL2n(AQ) that is unramified at p. When
Π admits a Shalika model and is ordinary at p, Dimitrov, Januszewski and Raghuram
generalized earlier results of Ash and Ginzburg in [AG94] to construct a bounded p-adic
L-function interpolating the complex L-values of Π twisted by Dirichlet characters on Γ
(see [DJR18]). This construction is further being generalized to the non-ordinary case in
a forthcoming work of Barrera, Dimitrov and Williams. As in the case of elliptic modu-
lar forms, when Π is non-ordinary at p, the resulting p-adic L-functions are unbounded
distributions, rather than bounded measures on Γ.
By results from local Langlands program, there exists a compatible family ρΠ,λ,ι : GQ →
GL2n(E(Π)λ) of continuous λ-adic representations where λ runs through the finite places
of a number field E(Π) (see Section 2.1 below). From now on, we fix a prime λ of E(Π)
lying above p with ring of integers O and write F = E(Π)λ. By enlarging F if necessary,
we shall assume that F contains all the Satake parameters of Π at p. Let VΠ be the
dual representation
(
ρΠ,λ,ι|GQp
)∗
. We fix a GQp-stable lattice TΠ inside VΠ and write
T †Π = Homcts(TΠ, F/O(1)). The main results of this paper can be summarized as follows.
Theorem A (Theorems 3.3). Suppose that the hypotheses in Hyp 3.2 hold. The local
representation VΠ is of the form
χh1cycθ1 ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
0 χh2cycθ2 · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
...
. . .
. . .
...
...
...
...
...
0 · · · 0 χhn−1cyc θn−1 ∗ ∗ ∗ · · · ∗ ∗
0 · · · · · · 0 × × ∗ · · · ∗ ∗
0 · · · · · · 0 × × ∗ · · · ∗ ∗
0 · · · · · · 0 0 0 χhn+2cyc θn+2 · · · ∗ ∗
...
...
...
...
. . .
. . .
...
...
0 · · · · · · 0 0 0 · · · 0 χh2n−1cyc θ2n−1 ∗
0 · · · · · · 0 0 0 · · · · · · 0 χh2ncyc θ2n

,
where χcyc is the p-adic cyclotomic character, hi are the Hodge-Tate weights and θi are
unramified characters on GQp.
Theorem B (Theorem 4.15). Suppose that the hypotheses Hyp 3.2 and Hyp 4.1 hold.
Let L
(α)
p and L
(β)
p be certain twists of the unbounded p-adic L-functions of Barrera,
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Dimitrov and Williams (see Definition 4.14). There exist (bounded) p-adic L-functions
L #p ,L
♭
p ∈ O[[Γ]]⊗ F such that(
L
(α)
p
L
(β)
p
)
= Q−1M ′log
(
L #p
L ♭p
)
,
where Q and M ′log are certain 2×2 matrices with coefficients in the the distribution algebra
on Γ, defined in Definitions 4.6 and 4.8 respectively. Furthermore, at least one of the two
p-adic L-functions L #p and L
♭
p is non-zero.
Following [Kob03, Spr12, Lei11, LLZ10], we define signed Coleman maps which can be
employed to define signed Selmer groups for Π over Q(µp∞) (see Definition 5.3). Once
we have defined these signed Selmer groups, we formulate Iwasawa main conjectures con-
necting our dual signed Selmer groups with bounded p-adic L-functions L #p ,L
♭
p (see
Conjecture 5.5).
Note that Theorem B generalizes a prior result of Rockwood [Roc19]. One of the
hypotheses in [Roc19] is the Pollack condition, which says that αn + αn+1 = 0, where αj
is the j-th Satake parameter of Π at p, ordered according to their p-adic valuations. This
Pollack condition is analogous to the condition ap = 0 for modular forms, which means
that the two roots of its Hecke polynomial at p add up to zero. Our main effort in this
article is to construct bounded p-adic L-functions without assuming the Pollack condition.
Another hypothesis in Rockwood’s work is the “minimal slope” hypothesis on the Satake
paramaters αj for j ≥ n + 2 (see (M.Slo) in Hyp 3.2). In this paper, we are still working
under this hypothesis. A natural question is to study non-ordinary Iwasawa theory for
automorphic forms without this minimal slope hypothesis, in which case the structure of
VΠ will be more complicated than given by Theorem A. We hope to return to this question
in the future.
The structure of this article is as follows. In Section 2, we introduce notation and
collect preliminary results that will be used in the rest of the article. We study in Section
3, the structure of the local Galois representation VΠ and prove Theorem A. We then make
use of Theorem A to define bounded signed Coleman maps and study their interpolation
properties in Section 3. Once this is done, we construct the bounded p-adic L-functions
L
#
p ,L
♭
p given in Theorem B and explain how our work is related to the work of Rockwood
in [Roc19]. Section 5 deals with the construction of signed Selmer groups which are
conjecturally cotorsion modules over the cyclotomic Iwasawa algebra. We finish the article
with a discussion on the signed Iwasawa main conjectures and how they are related to the
weak Leopoldt conjecture and Perrin-Riou’s conjecture on the existence of Euler systems
for Π.
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2. Preliminaries
In this section, we review results on automorphic representations and local global com-
patibility. We also recall Perrin-Riou maps for crystalline representations. This will lay
the ground work for the construction of signed Coleman maps and other related objects
in subsequent sections.
2.1. RAESDC automorphic representations. We say that Π is an RAESDC (regular,
algebraic, essentially self dual, cuspidal) representation of GL2n(AQ) if Π is a cuspidal
automorphic representation such that:
(1) The contragredient Π∨ of Π satisfies Π∨ ∼= Π ⊗ χ for some Hecke character χ :
A×Q/Q
× → C×;
(2) Writing Π = Π∞ ⊗ Πf , the infinite part Π∞ has the same infinitesimal character
as some irreducible algebraic representation of GL2n(R).
Let µ = (µ1, ..., µ2n) ∈ Z2n satisfy the dominant weight condition
µ1 ≥ · · · ≥ µ2n.
Let Eµ be the irreducible algebraic representation of GL2n(R) with highest weight µ.
We say that a RAESDC automorphic representation has weight µ if Π∞ has the same
infinitesimal character as E∨µ . Let g∞ = Lie(GL2n(R)) and K∞ be the product of a
maximal compact subgroup of the real Lie group GL2n(R) with the center of GL2n(R).
The algebraic regularity condition in (2) above holds if and only if Π∞ is cohomological,
i.e.
Hq(g∞, K∞; Π∞ ⊗ Eµ) 6= 0
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for some degree q. Here Hq(g∞, K∞; Π∞ ⊗ Eµ) is the space of (g∞, K∞)-cohomology in
degree q (see [BW80, §I.5]). In this case, µ also satisfies the purity condition
(2.1) µi + µ2n+1−i = w, for i = 1, ..., n and some w ∈ Z.
Henceforth we assume that Π is the transfer of a globally generic cuspidal automorphic
representation of GSpin2n+1(AQ). This functorial transfer has been established for unitary
globally generic cuspidal automorphic representations by Asgari–Shahidi in [AS06, Theo-
rem 1.1] in its weak form and in [AS14, Corollary 4.25] at every place. For non-unitary
representations Π, this transfer is discussed in [GR14, p. 686]. Moreover, the transfer of
a globally generic cuspidal automorphic representation of GSpin2n+1(AQ) admits a global
Shalika model in the sense of Grobner–Raghuram and are essentially self dual (see [GR14,
Proposition 3.14]).
2.2. Strict Local-Global compatibility. Let F be a number field and ρ : GF →
GL2n(Qℓ) be a global Galois representation of the absolute Galois group GF of F . Assume
that ρ is geometric, that is, it is unramified outside a finite set of primes of F and its
restrictions to the decomposition groups at primes above ℓ are potentially semistable in
the sense of Fontaine (see for example [FO, §6.3]). For any prime p of F , let WDp be the
Weil–Deligne group at p. For a geometric representation, one can define a Weil–Deligne
representation WDp → GL2n(Qℓ) up to conjugacy. This definition is classical for p 6= l
and comes from Deligne–Grothendieck whereas for p = l, it is due to Fontaine.
Definition 2.1. [Tay04, p. 81–82], [GK11, Section 2] For a number field L, an L-rational,
strictly compatible (or strongly compatible) system of geometric representations (ρl) of GF
is a collection of data consisting of:
(1) For each prime ℓ and each embedding i : L →֒ Qℓ, a continuous, semisimple
representation ρℓ : GF → GL2n(Qℓ) that is geometric.
(2) For each prime q of F , a Frobenius semisimple representation rq : WDq → GL2n(L)
such that
• rq is unramified for all q outside a finite set.
• For each ℓ, the Frobenius semisimple Weil-Deligne representation WDq →
GL2n(Qℓ) associated to ρl|GQq is conjugate to rq via the embedding i : L →֒ Qℓ.
• There exists a multiset of integers H such that for each prime l and each
embedding i : L →֒ Qℓ, the Hodge-Tate weights of ρℓ|GQℓ are H.
The following conjecture is given in [Tay04, Conjecture 3.4] (see also [GK11, Conjec-
ture 3.3]).
Conjecture 2.2. Suppose Π is a cuspidal automorphic form on GL2n(AQ) with infini-
tesimal character χH where H is a multiset of distinct integers. Then there is a strictly
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compatible system of Galois representations (ρΠ,ℓ) associated to Π with Hodge-Tate weights
H such that the Local-Global compatibility holds for all primes.
Here Local-Global compatibility means that the underlying semisimplified Weil-Deligne
representation at p in the compatible system (which is independent of the residue char-
acteristic ℓ of the coefficients by hypothesis) corresponds to Πp via the Local Langlands
correspondence.
There is a significant evidence towards this conjecture for RASEDC representations;
thanks to the works of Clozel, Harris, Taylor for p 6= l [CHT08], and of Lamb, Gee,
Geraghty and Taylor for p = l [BLGGT14].
Convention 2.3. We normalize the Hodge–Tate weights on GQp-representations so that
the cyclotomic character has Hodge–Tate weight +1.
Theorem 2.4. Let ι : Qℓ ∼= C. Suppose Π is an RASEDC automorphic representation
of GL2n(AQ) of weight µ as in Section 2.1. Then there is a number field E(Π) and a
compatible system ρΠ,λ,ι : GQ → GL2n(E(Π)λ) of continuous λ-adic representations where
λ runs through finite places of E(Π), such that
(1) If p is coprime to the prime ℓ dividing the norm NE(Π)/Q(λ), we have
ρΠ,λ,ι|
ss
GQp
=
(
rℓ
(
Πp ◦ ι
)∨
(1− 2n)
)ss
where rℓ is the reciprocity map defined in [HT01].
(2) If p divides NE(Π)/Q(λ) (that is p = l), and if Πp is unramified, the representation
ρΠ,λ,ι|GQp is crystalline with Hodge–Tate weights −hi = −(µi + 2n − i) for i =
1, ..., 2n and each of these Hodge–Tate weights have multiplicity one. (the minus
signs arise since the weights are the negatives of the jumps in the Hodge filtration
on the associated filtered ϕ-module Dcris(ρΠ,λ,ι|GQp ) constructed by Fontaine, see
[FO, Definition 6.29]).
• If Πp has a nonzero vector fixed by the maximal compact subgroup GL2n(Zp),
then the characteristic polynomial of ϕ equals the characteristic polynomial
of the geometric Frobenius at p of the Weil–Deligne representation rp
(
Πp ◦
ι
)∨
(1− 2n).
(3) The Local-Global compatibility holds at primes p dividing NE(Π)/Q(λ). That is,
ιWD(ρΠ,λ,ι|GQp )
ss = rec(Πp ⊗ | det |
1−2n
2 )ss,
where WD(ρΠ,λ,ι|GQp ) is the Weil–Deligne representation associated to ρΠ,λ,ι|GQp
and rec is the local Langlands correspondence [HT01].
Proof. For (1) and (2), see Chenevier–Harris [CH13, Theorem 4.2] and Geraghty [Ger19,
Proposition 2.27]. See also [GK11, Theorem 3.5]. The case of p being coprime to
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NE(Π)/Q(λ) is due to Clozel–Harris–Taylor [CHT08, Proposition 4.3.1]. For (3), see Lamb–
Gee–Geraghty–Taylor [BLGGT14, Theorem A]. 
Remark 2.5. As n is even, we note that trace(ρΠ,λ,ι(c)) = 0, where c is the complex
conjugation (see [CLH16, Theorem 1.1]).
2.3. The Perrin-Riou map for local representations. Let Γ = Gal(Q(µp∞)/Q) ∼=
∆× Γ1, where ∆ ∼= Z/(p− 1)Z and Γ1 ∼= Zp. We choose a topological generator γ of Γ1.
We fix a finite extension F of Qp, whose ring of integers is denoted by O.
We write Λ(Γ) = O[[Γ]] and Λ(Γ1) = O[[Γ1]] for the Iwasawa algebra of Γ and Γ1 over
O respectively. We consider Λ(Γ) and Λ(Γ1) as subrings of H(Γ) and H(Γ1), which are the
rings of power series f ∈ F [∆][[X ]] (respectively f ∈ F [[X ]]) which converge on the open
unit disc |X| < 1 in Cp, where | | denotes the p-adic norm on Cp normalized by |p| = p−1.
For any real number r ≥ 0, we write Hr(Γ) and Hr(Γ1) for the set of power series f in
H(Γ) and H(Γ1) respectively satisfying supt p
−tr‖f‖ρt < ∞, where ρt = p
−1/pt−1(p−1) and
‖f‖ρt = sup|z|≤ρt |f(z)|. It is common to write f = O(log
r
p) when f satisfies this condition.
Given an integer i, we write Twi for the Qp-algebra automorphism of H(Γ) defined
by σ 7→ χicyc(σ)σ for σ ∈ Γ. We set u := χcyc(γ). If m ≥ 1 is an integer, we define
Φm to be the p
m-th cyclotomic polynomial in 1 + X , namely
(1 +X)p
m
− 1
(1 +X)pm−1 − 1
. We let
logp = logp(1 +X) ∈ H(Γ1) denote the p-adic logarithm. We also define for an integer i,
the element
ℓi =
logp
logp(u)
− i =
Tw−i
(
logp
)
logp(u)
∈ H(Γ1)
For i ≥ 0, we define the product
ℓ˜i =
i−1∏
j=0
ℓj.
Note that for i = 0, we have ℓ˜0 = 1.
Definition 2.6. Let T be a GQp-stable O-lattice of a finite dimensional F -linear crystalline
representation V of GQp with non-negative Hodge-Tate weights such that V has no sub-
quotient isomorphic to the trivial representation F .
i) We define H1Iw(Qp, T ) to be the inverse limit lim←−H
1(Qp(µpm), T ), where the connecting
maps are corestrictions.
ii) We write N(T ) for the Wach module of T (see for example [Ber04, §II.1] for the precise
definitions; it is a filtered module over the ring O[[π]], where π can be regarded as a
formal variable equipped with an action of ϕ and Γ given by ϕ(π) = (1 + π)p − 1 and
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σ(π) = (1 + π)χcyc(σ) − 1 for σ ∈ Γ). We have the integral Dieudonne´ module Dcris(T )
given by N(T ) modulo π.
iii) We write LT : H1Iw(Qp, T ) → H(Γ) ⊗ Dcris(T ) for the Perrin-Riou map as defined in
[LLZ11, §3.1] and [LZ14, Appendix B].
We write ψ for the left inverse of ϕ as given in [Ber03, §I.2]. We write B+rig for the ring of
power series in F [[π]] that converge on the open unit disk. We write t = logp(1+π) ∈ B
+
rig
and q = ϕ(π)/π. We recall that the Mellin transform m sending 1 to 1 + π induces the
Λ(Γ)-isomorphisms
Λ(Γ)
∼
−→ O[[π]]ψ=0, H(Γ)
∼
−→
(
B+rig
)ψ=0
.
We fix a Zp basis e1 for the GQp-representation Zp(1). Given an integer k, we write
ek = e
⊗k
1 . We have the identifications
H1Iw(Qp, T (k)) = H
1
Iw(Qp, T ) · ek,
Dcris(T (k)) = Dcris(T ) · t
−kek,
N(T (k)) = N(T ) · π−kek.
We recall from [Ber03, Theorem A.3] and [BB08, §1.3] that the assumption that the
Hodge-Tate weights are non-negative implies that there is an isomorphism of Λ(Γ)-modules
H1Iw(Qp, T )
∼= N(T )ψ=1.
The Perrin-Riou map LT can be defined via this isomorphism composed with
N(T )ψ=1
1−ϕ
−→ (B+rig)
ψ=0 ⊗ Dcris(T )
m−1⊗1
−→ H(Γ)⊗ Dcris(T ).
We will also need the following notations while constructing Selmer groups in Section 5.
i) Given a O-module M , we write M∨ = Homcts(M,F/O) for its Pontryagin dual.
ii) For a finitely generated torsion Λ(Γ1)-moduleM , let charΛ(Γ1)(M) denote the char-
acteristic ideal of M .
iii) For a Dirichlet character η : ∆→ Z×p , we define eη to be the idempotent attached
to η given by 1
p−1
∑
σ∈∆ η(σ)
−1σ ∈ Zp[∆].
iv) Given a Λ(Γ)-module M and a character η as above, we define its η-isotypic com-
ponent to be
Mη = eη ·M,
which we consider as a Λ(Γ1)-module.
v) Similarly, given f =
∑
k≥0,σ∈∆ ak,σ · σ · (γ − 1)
k ∈ H(Γ), where ak,σ ∈ F and
γ is a topological generator of Γ1, we identify f
η := eη · f with the element∑
k≥0
(∑
σ∈∆ ak,ση(σ)
)
(γ − 1)k ∈ H(Γ1).
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3. Structure of non-ordinary local Galois representation at p
The main goal of this section is to prove Theorem A.
Fix an integer n ≥ 1 and set G = GL2n. Let T be the standard diagonal split torus of G
and B the upper triangular Borel subgroup. Now suppose Π is a RAESDC automorphic
representation of GL2n(AQ) which is the transfer of a globally generic cuspidal automorphic
representation of GSpin2n+1(AQ) and suppose Πp is unramified. Let us suppose, there is
an unramified character
χp : T (Qp)→ C
×
such that
Πp = Ind
G(Qp)
B(Qp)
(| · |
2n−1
2 χp).
We define the Satake parameters at p to be the values αi = χp,i(p), where the χp,i’s denote
the projections to the diagonal entries. After choosing an isomorphism Qp ∼= C, the indices
i are ordered so that ordp(α1) ≥ ordp(α2) ≥ · · · ≥ ordp(α2n). For all i, we also have
(3.1) αiα2n+1−i = λ
for fixed λ with p-adic valuation 2n− 1−w. As in the introduction, we take F = E(Π)λ,
where λ is a prime of E(Π) above p. By extending scalars if necessary, we assume that all
αi are contained in F .
Lemma 3.1. When p = ℓ, the eigenvalues of ϕ on Dcris(ρΠ,λ,ι|GQp ) are given by αi for
i = 1, ..., 2n.
Proof. Since Πp is an unramified principal series, by [CHT08, Lem. 3.1.1], we know that
Πp has a nonzero vector fixed by the maximal compact subgroup GL2n(Zp) and therefore
satisfies the hypothesis in part (2) of Theorem 2.4. Therefore, the eigenvalues of ϕ are
precisely the eigenvalues of the geometric Frobenius at p of rp
(
Πp ◦ ι
)∨
(1 − 2n). The
characteristic polynomial of the geometric Frobenius at p of rp
(
Πp ◦ ι
)∨
(1 − 2n) is given
by
2n∏
i=1
(X − |p|
2n−1
2 χp(p)p
2n−1
2 ) =
2n∏
i=1
(X − αi)
(see the discussion in [GK11, p.393]). This completes the proof of the lemma. 
Henceforth, we shall write VΠ for the representation
(
ρΠ,λ,ι|GQp
)∗
. We recall from The-
orem 2.4 that the jumps in the Hodge filtration of VΠ are −(µi + 2n − i). Furthermore,
Lemma 3.1 tells us that the ϕ-eigenvalues on Dcris(VΠ) are given by α
−1
i .
We work under the following hypotheses.
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Hyp 3.2. We assume that the Hodge-Tate weights of and the Satake parameters Π at p
satisfy the following hypotheses.
(M.Slo) ordp(αi) = hi, i = n+ 2, . . . , 2n;
(N.ord) hn > ordp(αn), ordp(αn+1) > hn+1 and αn 6= αn+1;
(G.Po) The Newton filtration on Dcris(VΠ) is in general position with respect to the Hodge
filtration.
Let us first briefly discuss the significations of these hypotheses.
The hypothesis (M.Slo) is the “minimal slope” hypothesis in [Roc19, §3]. As the Newton
polygon of Π lies on or above the Hodge polygon of Π and their end points coincide (see
Hida’s work [Hid98]), it is easy to see from (2.1) and (3.1) that (M.Slo) implies
(3.2) ordp(αi) = hi for i = 1, . . . , n− 1.
Hence the Newton and the Hodge polygons coincide at all points except the n-th point.
Note that the hypothesis (N.ord) is a weaker condition than the Pollack condition
αn + αn+1 = 0 considered in [Roc19]. Indeed, the Pollack condition has the conse-
quence that ordp(αn) = ordp(αn+1) =
1
2
(hn + hn+1), which is a special case of hn >
ordp(αn), ordp(αn+1) > hn+1.
Hypothesis (G.Po) is [GK11, Assumption 3.6], which means that given a d-dimensional
ϕ-stable subspace of Dcris(VΠ), the jumps in its Hodge filtration occur at the first d jumps
in the Hodge filtration of Dcris(VΠ). As discussed in op. cit., (G.Po) is expected to hold
generically.
We are now ready to prove Theorem A.
Theorem 3.3. Assume that Hyp 3.2 holds. The local representation VΠ is isomorphic to
a representation of the form
χh1cycθ1 ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
0 χh2cycθ2 · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
...
. . .
. . .
...
...
...
...
...
0 · · · 0 χhn−1cyc θn−1 ∗ ∗ ∗ · · · ∗ ∗
0 · · · · · · 0 × × ∗ · · · ∗ ∗
0 · · · · · · 0 × × ∗ · · · ∗ ∗
0 · · · · · · 0 0 0 χhn+2cyc θn+2 · · · ∗ ∗
...
...
...
...
. . .
. . .
...
...
0 · · · · · · 0 0 0 · · · 0 χh2n−1cyc θ2n−1 ∗
0 · · · · · · 0 0 0 · · · · · · 0 χh2ncyc θ2n

,
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where χcyc denotes the p-adic cyclotomic character, θi are unramified characters on GQp
and the middle 2 × 2 square, given by the symbol ×, is a two-dimensional sub-quotient
V ′Π of VΠ whose Hodge-Tate weights are hn and hn+1. Furthermore, the ϕ-eigenvalues on
Dcris(V
′
Π) are α
−1
n and α
−1
n+1.
Proof. Given that hi = µi + 2n− i and µ1 ≥ · · · ≥ µ2n, we have
h1 > · · · > h2n.
This, together with (3.2) and (M.Slo) imply that
ordp(α1) > · · · > ordp(αn−1) > ordp(αn), ordp(αn+1) > ordp(αn+2) > · · · > ordp(α2n).
Therefore, the characteristic polynomial of ϕ|Dcris(VΠ) factors into the product
Q(X)
∏
1≤i≤n−1
n+2≤i≤2n
(X − α−1i ),
where Q(X) is a monic quadratic polynomial defined over F whose roots are α−1n and
α−1n+1. This tells us that for 1 ≤ i ≤ n − 1 and n + 2 ≤ i ≤ 2n, the ϕ-eigensubspace of
Dcris(VΠ) for the eigenvalue α
−1
i , which we denote by Ei, is a one-dimensional F -subspace
of Dcris(VΠ). Let E
′ denote the subspace of Dcris(VΠ) given by the kernel of Q(ϕ). Since
the αi’s are all distinct, we have
Dcris(VΠ) = E
′ ⊕
⊕
1≤i≤n−1
n+2≤i≤2n
Ei.
We define the following subspaces of Dcris(VΠ):
Di =
i⊕
j=1
Ej , 1 ≤ i ≤ n− 1,
Dn = Dn+1 = Dn−1 ⊕E
′,
Di = Dn ⊕
i⊕
j=n+2
Ej, n+ 2 ≤ i ≤ 2n.
This gives the filtration
0 =: D0 ( D1 ( · · · ( Dn−1 ( Dn = Dn+1 ( Dn+2 ( · · · ( D2n−1 ( D2n = Dcris(VΠ).
Then, by the hypothesis (G.Po) and (3.2), for all 1 ≤ i ≤ 2n, Di is an admissible filtered
(ϕ,N)-module with tN (Di) = tH(Di) (we refer the reader to [GK11, §2] for the notation
and terminology being used here; note that we are taking the fields E and F in op. cit.
to be F and Qp here). Consequently, tN (Di/Di−1) = tH(Di/Di−1). The equivalence of
categories between admissible filtered (ϕ,N)-modules and GQp-representations proved by
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Colmez-Fontaine [CF00] (see also [GK11, Theorem 2.4]) tells us that for each i, Di =
Dcris(Vi) for some GQp-sub-representation Vi of VΠ such that
0 = V0 ( V1 ( · · · ( Vn−1 ( Vn = Vn+1 ( Vn+2 ( · · · ( V2n−1 ( V2n = VΠ,
where Vi/Vi−1 one-dimensional with Hodge-Tate weight hi for i = 1, 2, . . . , n − 1, n +
2, . . . , 2n and Vn/Vn−1 is 2-dimensional with Hodge-Tate weights hn and hn+1. This finishes
the proof of the theorem. 
Remark 3.4. Note that when n = 2, Theorem 3.3 recovers the representations considered
in [Urb05, Corollary 1(i)].
4. Construction of bounded Coleman maps and p-adic L-functions
We study Λ(Γ)-valued Coleman maps and certain logarithmic matrix attached to TΠ.
This allows us to prove Theorem B.
4.1. Perrin-Riou maps and Coleman maps. Let TΠ and VΠ be as in the previous
section. We continue to assume that Hyp 3.2 holds. The main goal of this section is to
define bounded Coleman maps, decomposing the Perrin-Riou map attached to TΠ. If Vi
is one of the direct summand in the proof of Theorem 3.3, we write Ti to be the O-lattice
Vi ∩ TΠ inside Vi. Our construction of Coleman maps relies on patching together the
Coleman maps for the sub-quotients Ti/Ti−1, i = n, . . . , 2n.
We work under the following hypotheses.
Hyp 4.1. From now on, we assume the following additional hypotheses:
(Pos) h2n ≥ 0 and the characters θi, i = n + 2, . . . , 2n in Theorem 3.3 are non-trivial;
(FL) p > hn − hn+1 > 1.
Note that the hypothesis (FL) implies that the two-dimensional representation V ′Π given
in Theorem 3.3 satisfies the Fontaine–Laffaille condition.
Let T = Ti/Tj, where i, j ∈ {0, 1, . . . , 2n} with j < i. The hypothesis (Pos) implies that
there is an isomorphism of Λ(Γ)-modules
H1Iw(Qp, T )
∼= N(T )ψ=1,
(see [Ber03, Theorem A.3] and [BB08, §1.3]).
Recall that we have defined ℓ˜i in section 2.3.
Proposition 4.2. Let i ∈ {n + 2, . . . , 2n}. The image of LTi/Ti−1 lands inside ℓ˜hiΛ(Γ)⊗
Dcris(Ti/Ti−1).
NON-ORDINARY IWASAWA THEORY OF AUTOMORPHIC REPRESENTATIONS 13
Proof. Let us write in this proof T = Ti/Ti−1. Recall from Theorem 3.3 that T = O(χhicycθi).
Since the Hodge–Tate weight of O(θi) is 0, it follows that LO(θi) has image in Λ(Γ) ⊗
Dcris(O(θi)). We recall from [LZ14, §4.4] that(
hi∏
j=1
ℓ−j
)
LO(θi)(z) = (Tw
hi ⊗ 1) (LT (z ⊗ ehi)) · t
hie−hi
for z ∈ H1Iw(Qp,O(θi)). A direct calculation shows that
Tw−hi
(
hi∏
j=1
ℓ−j
)
= ℓ˜hi .
Therefore, the image of LT lies inside
ℓ˜hiΛ(Γ)⊗ Dcris(O(θi)) · t
−hiehi = ℓ˜hiΛ(Γ)⊗ Dcris(T )
as required. 
Definition 4.3. For i ∈ {n + 2, . . . , 2n}, fix an O-basis ωi of Dcris(Ti/Ti−1) (which is
necessarily a ϕ-eigenvector, with ϕ(ωi) = α
−1
i ωi). Proposition 4.2 allows us to define
Colωi : H
1
Iw(Qp, Ti/Ti−1)→ Λ(Γ)
to be the unique Λ(Γ)-morphsim satisfying LTi/Ti−1(z) = Colωi(z)ℓ˜hiωi. We also define
Lωi = ℓ˜hiColωi.
Lemma 4.4. For i ∈ {n + 2, . . . , 2n}, the maps Colωi are injective.
Proof. Note that N(Ti/Ti−1)
ϕ=1 ⊂ H0(Qp(µp∞), Ti/Ti−1), which is zero, thanks to our
hypothesis that θi 6= 1 (as given in (Pos)). Therefore, the argument in [LZ14, proof of
Proposition 4.10] shows that LTi/Ti−1 is injective. Consequently, Colωi is also injective. 
We now turn our attention to the two-dimensional sub-quotient Tn/Tn−1. For no-
tational simplicity, we shall write T ′Π for Tn/Tn−1. We shall consider the Tate twist
T ′′Π := T
′
Π(−hn+1).
Lemma 4.5. The image of LT ′
Π
lies inside ℓ˜hn+1H(Γ)⊗ Dcris(T
′
Π).
Proof. Note that the Hodge–Tate weights of T ′′Π are 0 and hn − hn+1 ≥ 0. The image of
LT ′′
Π
lies inside H(Γ)⊗ Dcris(T
′′
Π). Similar to the proof of Proposition 4.2, we have
(4.1)
(
hn+1∏
i=1
ℓ−i
)
LT ′′
Π
(z) = (Twhn+1 ⊗ 1)
(
LT ′
Π
(z ⊗ ehn+1)
)
· thn+1e−hn+1
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for z ∈ H1Iw(Qp, T
′
Π), which tells us that the image of LT ′Π lies inside
Tw−hn+1
(
hn+1∏
i=1
ℓ−i
)
H(Γ)⊗ Dcris(T
′
Π) = ℓ˜hn+1H(Γ)⊗ Dcris(T
′
Π),
as required. 
Our goal is to define bounded Coleman maps on H1Iw(Qp, T
′
Π). We do so by first defining
such maps on H1Iw(Qp, T
′′
Π) and then twist these maps appropriately.
Definition 4.6.
i) We fix an O-basis {ω◦n, ω
◦
n+1} of Dcris(T
′
Π) that is adapted to the filtration of Dcris(T
′
Π) in
the sense that ω◦n is an O-basis of Fil
−hn+1Dcris(T
′
Π) (see [Ber04, §V.2], where this condition
is discussed). We also fix ϕ-eigenvectors ωn, ωn+1 ∈ Dcris(T ′Π) ⊗O F with ϕ(ωi) = α
−1
i ωi
for i = n and n + 1.
ii) For i ∈ {n, n+1}, we write ̟◦i = ω
◦
i · t
hn+1e−hn+1 ∈ Dcris(T
′′
Π) and ̟i = ωi · t
hn+1e−hn+1 ∈
Dcris(T
′′
Π)⊗O F .
iii) Let {xn, xn+1} be the Wach module basis of N(T
′′
Π) given by [Ber04, Proposition V.2.3]
(which applies to T ′′Π thanks to our hypotheses (N.ord) and (FL)) lifting {̟
◦
n, ̟
◦
n+1} (mean-
ing that xi is sent to ̟
◦
i under the natural projection N(T
′′
Π)→ Dcris(T
′′
Π)).
iv) We define the change of basis matrices M ∈M2×2(B
+
rig) and Q ∈M2×2(F ) given by the
relations (
xn xn+1
)
=
(
̟◦n ̟
◦
n+1
)
M,
(
̟n ̟n+1
)
=
(
̟◦n ̟
◦
n+1
)
Q.
v) We define
Col̟◦n,Col̟◦n+1 : H
1
Iw(Qp, T
′′
Π)→ Λ(Γ)
given by the relation
LT ′′
Π
(z) = Col̟◦n(z) · (1 + π)ϕ(xn) + Col̟◦n+1(z) · (1 + π)ϕ(xn+1).
(This makes sense since M ≡ I2 mod π
hn−hn+1 and hn − hn+1 > 1 by (FL) and thus
[LLZ10, Theorem 3.5] applies.)
vi) We define the logarithmic matrix
M ′′log = m
−1 ((1 + π)Aϕ(M)) ∈ H(Γ),
where A ∈M2×2(F ) denotes the matrix of ϕ with respect to {̟◦n, ̟
◦
n+1}.
vii) We also define, for i = n, n + 1, the Λ(Γ)-morphisms
L̟i : H
1
Iw(Qp, T
′′
Π)→Hordp(αi)−hn+1(Γ)
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given by the relation
LT ′′
Π
(z) = L̟n(z)̟n + L̟n+1(z)̟n+1.
Remark 4.7. The proof of [LLZ17, Lemma 3.1] tells us that we may choose ̟n+1 to be
ϕ(̟n), which we shall do in the rest of the article. In this case, A is given by(
0 −p2hn+1(αnαn+1)−1
1 phn+1(α−1n + α
−1
n+1)
)
.
A direct calculation shows that the matrix Q is of the form(
−phn+1α−1n+1βn −p
hn+1α−1n βn+1
βn βn+1
)
,
where βn, βn+1 ∈ F×.
We now define Coleman maps for T ′Π by taking appropriate twists of those defined for
T ′′Π.
Definition 4.8.
i) For i ∈ {n, n+ 1}, we define the Coleman map
Colω◦i : H
1
Iw(Qp, T
′
Π)→ Λ(Γ)
as the composition
H1Iw(Qp, T
′
Π)
·e−hn+1
−→ H1Iw(Qp, T
′′
Π)
Col̟◦
i−→ Λ(Γ)
Twhn+1
−→ Λ(Γ).
ii) We define M ′log to be Tw
hn+1
(
M ′′log
)
.
iii) As in Definition 4.6, we also define, for i = n, n + 1, the Λ(Γ)-morphisms
Lωi : H
1
Iw(Qp, T
′
Π)→Hordp(αi)(Γ)
given by the relation
LT ′
Π
(z) = Lωn(z)ωn + Lωn+1(z)ωn+1.
Remark 4.9.
i) The maps Colω◦i are non-zero and their images can be described explicitly by products
of certain linear factors (see [LLZ11, Theorem 5.10]).
ii) The calculations in [BL20] (see particularly (9) in op. cit.) show that(
L̟n
L̟n+1
)
= Q−1M ′′log
(
Col̟◦n
Col̟◦n+1
)
.
Then (4.1) gives that
(4.2)
(
Lωn
Lωn+1
)
= ℓ˜hn+1Q
−1M ′log
(
Colω◦n
Colω◦n+1
)
.
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We now define certain projections of the Perrin-Riou map and Coleman maps using
wedge products. We expect that the former to be related to the p-adic L-functions of
Barrera–Dimitrov–Williams, whereas the latter will allow us to defined signed Selmer
groups.
Definition 4.10.
i) We set
α = αn+1αn+2 · · ·α2n, β = αnαn+2 · · ·α2n,
For λ ∈ {α, β},1 we write
rλ = ordp(λ)−
2n∑
i=n+1
hi.
ii) For i ∈ {n + 2, . . . , 2n}, let Pri : H1Iw(Qp, TΠ) → H
1
Iw(Qp, Ti/Ti−1) denote the map
induced by the projection TΠ → Ti/Ti−1 as given in Theorem 3.3. For i ∈ {n, n + 1}, we
define Pri : H
1
Iw(Qp, TΠ)→ H
1
Iw(Qp, T
′
Π) similarly.
iii) For λ ∈ {α, β}, we define the Λ(Γ)-morphism
L(λ)ω :
∧n
H1Iw(Qp, TΠ)→Hrλ(Γ),
z1 ∧ · · · ∧ zn 7→
(
2n∏
i=n+1
ℓ˜hi
)−1
det(Lωi ◦ Pri(zj)),
where the subscript ω represents our choice of ϕ-eigenvectors {ωi : i = n, n + 1, . . . , 2n}
and the subscripts i in the determinant run through the same subscripts in the product that
defines λ. (The fact that the determinant is divisible by the product of ℓ˜hi follows from
Proposition 4.2 and Lemma 4.5).
iv) We define similarly for • ∈ {#, ♭} the Coleman maps
Col•ω :
∧n
H1Iw(Qp, TΠ)→ Λ(Γ),
z1 ∧ · · · ∧ zn 7→ det
(
Colω◦i ◦ Pri(zj)|Colωn+2 ◦ Prn+2(zj)| · · · |Colω2n ◦ Pr2n(zj)
)
,
where i = n for • = # and i = n+ 1 for • = ♭.
Remark 4.11. It follows from (4.2) that(
L(α)ω
L(β)ω
)
= Q−1M ′log
(
Col#ω
Col♭ω
)
.
1Let Up be the Hecke operator corresponding to the diagonal matrix
(
pIn 0
0 In
)
, where In denotes
the n×n identity matrix, then λ is an integrally normalized Up-eigenvalue on cohomology of Π. We thank
Chris Williams for explaining this to us.
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We finish this subsection by presenting the interpolation formulae of L(λ)ω .
For i ∈ {n+ 2, . . . , 2n}, we write ω′i for the dual basis of ωi under the natural pairing
〈−,−〉 : Dcris(Ti/Ti−1)× Dcris((Ti/Ti−1)
∗(1))→ Dcris(O(1)) = O · t
−1e1 → O.
We write {ω′n, ω
′
n+1} for the dual basis of {ωn, ωn+1} under the natural pairing
〈−,−〉 : Dcris(Tn/Tn−1)⊗ F × Dcris((Tn/Tn−1)
∗(1))⊗ F → Dcris(F (1)) = F · t
−1e1 → F.
Note that ϕ(ω′i) = p
−1αiω
′
i.
Proposition 4.12. Let k be an integer such that hn+1 ≤ k ≤ hn−1 and θ a finite character
on Γ of conductor pm > 1. For λ ∈ {α, β} and z = z1 ∧ · · · ∧ zn ∈
∧nH1Iw(Qp, TΠ), we
have
L(λ)ω (z)(χ
k
cycθ) =
(
2n∏
i=n+1
ℓ˜hi(χ
k
cycθ)
)−1
det
(
k!p(m+1)k
αmi τ(θ)
〈exp∗(eθzi,j · e−k) · t
−kek, ω
′
i〉
)
,
where τ(θ) is the Gauss sum of θ and eθ represents the element
∑
σ∈Γ/Γpm−1
θ(σ)σ in the group
ring Zp[µpm−1 ][Γ/Γ
pm−1], the subscript i in the determinant is indexed as in Definition 4.10,
the element zi,j denotes Pri(zj) and exp
∗ signifies the Bloch–Kato dual exponential map
on H1(Qp(µpm), Ti/Ti−1) for i ≥ n+ 2 (or H1(Qp(µpm), T ′Π) otherwise).
Proof. It follows from [LZ14, Theorem B.5] that for i ∈ {n, n + 2, . . . 2n} and z ∈
H1Iw(Qp, Ti/Ti−1), we have
LTi/Ti−1(z)(χ
k
cycθ) =
j!pm(1+k)
τ(θ)
ϕm
(
exp∗(eθz · e−k) · t
−kek
)
.
Therefore,
Lωi(z)(χ
k
cycθ) =
j!pm(1+k)
τ(θ)
〈ϕm
(
exp∗(eθz · e−k) · t
−kek
)
, ω′i〉
=
j!pm(1+k)
τ(θ)
〈exp∗(eθz · e−k) · t
−kek, (pϕ)
−m(ω′i)〉
=
j!pm(1+k)
τ(θ)
〈exp∗(eθz · e−k) · t
−kek, α
−m
i (ω
′
i)〉
and the result follows. 
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4.2. Construction of bounded p-adic L-functions. We introduce certain notions re-
lated to p-adic L-functions in order to prove Theorem B. We set
Crit(Π) = {j ∈ Z : µn+1 ≤ j ≤ µn} = {j ∈ Z : hn+1 − n + 1 ≤ j ≤ hn − n}.
By [DJR18, Section 1.1], the half integers j+1/2 for j ∈ Crit(Π) are precisely the critical
points of the L-function L(Π, s). In a forthcoming work of Barrera–Dimitrov–Williams,
(unbounded) p-adic L-functions L
(λ)
p ∈ Hrλ(Γ) are constructed for λ ∈ {α, β}, where α
and β are defined as in Definition 4.10. For an integer j ∈ Crit(Π) and a finite character
θ on Γ of conductor pm > 1, we have the interpolation formula:
L(λ)p (χ
j
cycθ) =
cj,θ
λm
L(Π⊗ θ, j + 1/2),
where cj,θ is a constant independent of the choice of λ (but depends on j and θ).
Remark 4.13. For λ ∈ {α, β}, recall rλ from Definition 4.10. Our assumptions (M.Slo)
and (N.ord) combine to give
ordp(λ) < µn − µn+1 + 1,
which is precisely the small slope bound condition, under which the construction of p-adic
L-functions of Barrera–Dimitrov–William is valid unconditionally.2
In order to relate these p-adic L-functions to the Perrin-Riou maps and logarithmic ma-
trix studied in the previous section, we introduce the following twisted p-adic L-functions.
Definition 4.14. For λ ∈ {α, β} as in Definition 4.10, the (unbounded) twisted p-adic
L-functions are defined by
L
(λ)
p = Tw
n−1L(λ)p .
In particular, for hn+1 ≤ k ≤ hn − 1 and θ a finite character on Γ,
(4.3) L (λ)p (χ
k
cycθ) = L
(λ)
p (χ
j
cycθ) =
cj,θ
λm
L(Π⊗ θ, j + 1/2),
where j = k − n + 1 ∈ Crit(Π).
We now prove Theorem B.
Theorem 4.15. There exist signed p-adic L-functions L #p ,L
♭
p ∈ H0(Γ) = Λ(Γ)⊗F such
that
(4.4)
(
L
(α)
p
L
(β)
p
)
= Q−1M ′log
(
L #p
L ♭p
)
.
Furthermore, at least one of the two signed p-adic L-functions, L #p and L
♭
p , is non-zero.
2We thank Chris Williams for pointing this out to us.
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Proof. By [BL20, Proposition 2.11], the matrix Q−1M ′′log satisfies the following property.
For each µ ∈ {αn, αn+1}, suppose that we are given Fµ ∈ Hordp(λ)−hn+1(Γ) such that for
all j ∈ {0, . . . , hn − hn+1 − 1} and all Dirichlet characters θ of conductor pm > 1,
Fµ(χ
j
cycθ) = µ
−m × cj,θ
for some constant cj,θ ∈ Qp that is independent of the choice of λ. Then there exist
F#, F♭ ∈ H0(Γ) such that (
Fαn
Fαn+1
)
= Q−1M ′′log ·
(
F#
F♭
)
.
For λ ∈ {α, β}, let us write
L(λ)p = Tw
−hn+1L
(λ)
p .
Then, we deduce from (4.3) that there exist L#p ,L
♭
p ∈ H0(Γ) such that(
L
(α)
p
L
(β)
p
)
= Q−1M ′′log
(
L#p
L♭p
)
.
Hence, we may take
L
•
p = Tw
hn+1L•p
for • ∈ {#, ♭}, proving (4.4).
Our hypothesis (FL) implies that |Crit(Π)| > 1. As in [Roc19, proof of Proposition 3.9],
there exists j ∈ Crit(Π) such that L(Π ⊗ θ, j + 1/2) 6= 0 by [JS77, (1.3)]. In particular,
both L
(λ)
p are non-zero. Consequently, L #p and L
♭
p cannot be simultaneously zero by
(4.4). 
4.3. Reformulation of Rockwood’s result. In this section, we give an explicit descrip-
tion of the matrix Q−1M ′log under the Pollack condition, that is
(Pol) αn + αn+1 = 0.
This allows us to recast Rockwood’s plus and minus p-adic L-functions obtained in [Roc19]
in the framework of Theorem 4.15.
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As we have already mentioned, (Pol) is a special case of the hypothesis (N.ord). For an
integer m ≥ 1, we define Pollack’s half logarithms
log+p,m =
m−1∏
j=0
1
p
Tw−j
(
∞∏
i=1
Φ2i(X)
p
)
,
log−p,m =
m−1∏
j=0
1
p
Tw−j
(
∞∏
i=1
Φ2i−1(X)
p
)
.
We recall from [Roc19, §3.a] that there exist two bounded measures L±p ∈ H0(Γ) such that
L±p =
L
(α)
p ± L
(β)
p
Twhn+1−n+1 log±p,hn−hn+1
.
The construction of these p-adic L-functions follows closely the work of Pollack in [Pol03],
where these functions were defined for normalized cuspidal eigen-newforms fon GL2 with
ap(f) = 0. Let us define L
±
p to be Tw
n−1L±p . Then, by definition,
L
±
p =
L
(α)
p ±L
(β)
p
Twhn+1 log±p,hn−hn+1
,
which we may rewrite as an matrix equation:
(4.5)
(
L
(α)
p
L
(β)
p
)
=
1
2
(
Twhn+1 log+p,hn−hn+1 Tw
hn+1 log−p,hn−hn+1
Twhn+1 log+p,hn−hn+1 −Tw
hn+1 log−p,hn−hn+1
)(
L +p
L −p
)
.
We shall recast (4.5) in terms of the logarithmic matrix Q−1M ′log. Under (Pol), the
trace of the action of ϕ on Dcris(T
′′
Π) is zero. As in [LLZ10, Proposition 5.10], the work of
Berger–Li–Zhu [BLZ04] allows us to choose appropriate bases of Dcris(T
′′
Π) and N(T
′′
Π) so
that the matrix M ′′log is of the form
(4.6) M ′′log =
(
0 c− log−p,hn−hn+1
c+ log+p,hn−hn+1 0
)
,
where c± ∈ H0(Γ1)×. Furthermore, we may choose βn = βn+1 = 1 in the matrix Q (see
Remark 4.7), then
Q =
(
phn+1α−1n −p
hn+1α−1n
1 1
)
.
We deduce that
Q−1M ′log =
1
2
(
d+Twhn+1 log+p,hn−hn+1 d
−Twhn+1 log−p,hn−hn+1
d+Twhn+1 log+p,hn−hn+1 −d
−Twhn+1 log−p,hn−hn+1
)
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for some d± ∈ H(Γ1)×. Therefore, we may rewrite (4.5) as(
L
(α)
p
L
(β)
p
)
=
1
2
Q−1M ′log
(
1
d+
L +p
1
d−
L −p
)
.
5. Iwasawa main conjectures and cohomological classes
In this section, we define the so-called signed Selmer groups using the Coleman maps
we defined in Section 4.1 and formulate Iwasawa main conjectures relating them to the
p-adic L-functions studied in Section 4.2.
5.1. Definitions of Selmer groups. Let us first recall the definitions of the Bloch–Kato
Selmer group and the fine Selmer groups of Coates–Sujatha over a number field studied
in [BK90] and [CS05] respectively.
Definition 5.1.
i) Let Σ be the set of prime numbers ℓ where TΠ has bad reduction, as well as the prime p
and the archimedean prime in Q. Let K be a number field and write KΣ for the maximal
extension of K that is unramified outside Σ.
ii) Write T †Π = Homcts(TΠ, F/O(1)). The Bloch–Kato Selmer group of T
†
Π over K is defined
as
Selp(T
†
Π/K) := Ker
(
H1(KΣ/K, T
†
Π)→
∏
v
H1(Kv, T
†
Π)
H1f (Kv, T
†
Π)
)
,
where v runs through all the places of K dividing Σ (see [BK90, Section 3] for the definition
of the Bloch–Kato subgroups H1f (Kv, T
†
Π)).
iii) The fine Selmer group of T †Π over K is defined as
Sel0p(T
†
Π/K) := Ker
(
H1(KΣ/K, T
†
Π)→
∏
v
H1(Kv, T
†
Π)
)
,
where v runs through all the places of K dividing Σ
iv) If L is an infinite algebraic extension of Q, we may define Selp(T
†
Π/L) and Sel
0
p(T
†
Π/L)
by the direct limits lim−→ Selp(T
†
Π/K) and lim−→ Sel
0
p(T
†
Π/K) respectively, where K runs over
finite sub-extension of L.
Notice that if L is an infinite algebraic extension inside QΣ, we have
Selp(T
†
Π/L) = Ker
(
H1(QΣ/L, T
†
Π)→
∏
v
H1(Lw, T
†
Π)
H1f (Lw, T
†
Π)
)
,
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where w runs through all places of L dividing Σ andH1f (Lw, T
†
Π) is given by lim−→H
1
f (Kv, T
†
Π),
where K runs through all finite sub-extension of L and v denotes the place of K lying
below w. Similarly,
Sel0p(T
†
Π/L) = Ker
(
H1(QΣ/L, T
†
Π)→
∏
v
H1(Lw, T
†
Π)
)
.
We now give an alternative description of the dual fine Selmer group Sel0p(T
†
Π/K)
∨. By
[PR95, Section A.3], we have the Poitou–Tate exact sequence⊕
v∈Σ
H0(Kv, T
†
Π)→ H
2(KΣ/K, TΠ)
∨ → H1(KΣ/K, T
†
Π)→
⊕
v∈Σ
H1(Kv, T
†
Π).
Therefore, the fine Selmer group sits inside the following exact sequence:⊕
v∈Σ
H0(Kv, T
†
Π)→ H
2(KΣ/K, TΠ)
∨ → Sel0p(T
†
Π/K)→ 0.
Taking Pontryagin duals and using the fact that
H0(Kv, T
†
Π)
∨ ∼= H2(Kv, TΠ),
we obtain
(5.1) Sel0p(T
†
Π/K)
∨ = Ker
(
H2(KΣ/K, TΠ)→
⊕
v∈Σ
H2(Kv, TΠ)
)
.
Set Q∞ = Q(µp∞) and Qp,k = Qp(µpk). We now define the signed Selmer groups of T
†
Π
over Q∞.
Definition 5.2.
i) For • ∈ {#, ♭}, define the direct sum counterpart of Col•ω to be
C˜ol
•
ω : H
1
Iw(Qp, TΠ)→ Λ(Γ)
⊕n,
z 7→ Colω◦i ◦ Pri ⊕
2n⊕
j=n+2
Colωj ◦ Prj,
where i = n for • = # and i = n+ 1 for • = ♭. We write
H1Iw(Qp, TΠ)
• = ker
(
C˜ol
•
ω
)
.
ii) Local Tate duality gives a perfect pairing
(5.2) H1Iw(Qp, TΠ)×H
1(Qp(µp∞), T
†
Π)→ F/O
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We define H1• (Qp(µp∞), T
†
Π) to be the orthogonal complement of H
1
Iw(Qp, TΠ)
• under the
Tate pairing (5.2).
We can now finally define the “signed” Selmer groups for T †Π as follows.
Definition 5.3. Let • ∈ {#, ♭}. We define Sel•p(T
†
Π/Q∞) to be the kernel of
H1(QΣ/Q∞, T
†
Π)→
H1(Qp(µp∞), T
†
Π)
H1• (Qp(µp∞), T
†
Π)
×
∏
v∤p
H1(Q∞,v, T
†
Π)
H1f (Q∞,v, T
†
Π)
where the last product runs through places of Q∞ dividing Σ but not p.
Lemma 5.4. For • ∈ {#, ♭} the Λ(Γ)-module Sel•p(T
†
Π/Q∞)
∨ is finitely generated.
Proof. This follows from the fact that H1(QΣ/Q∞, T
†
Π)
∨ is finitely generated over Λ(Γ)
(which is a result of Greenberg [Gre89, Proposition 3]). 
We finish this subsection with an alternative description of H1Iw(Qp, TΠ)
•. Note that
ker
(
C˜ol
•
ω
)
= ker
(
Colω◦i ◦ Pri
)
∩
2n⋂
j=n+2
ker
(
Colωj ◦ Prj
)
where i is given as in Definition 5.2(i). For n+2 ≤ j ≤ 2n, recall from that ker
(
Colωj
)
= 0.
This implies that z ∈ H1Iw(Qp, TΠ) lies inside ker
(
Colωj ◦ Prj
)
if and only if its projection
in H1Iw(Qp, Tj/Tj−1) is zero. Considering the filtration
Tn+1 ⊂ Tn+2 ⊂ · · · ⊂ T2n,
we see that
2n⋂
j=n+2
ker
(
Colωj ◦ Prj
)
= Image
(
H1Iw(Qp, Tn+1)→ H
1
Iw(Qp, TΠ)
)
.
It remains to study ker
(
Colω◦i ◦ Pri
)
. Let us write Pr′ for the natural projection
H1Iw(Qp, TΠ)→ H
1
Iw(Qp, T
′
Π). Then,
ker
(
Colω◦i ◦ Pri
)
=
{
x ∈ H1Iw(Qp, TΠ) : Pr
′(z) ∈ ker
(
Colω◦i
)}
.
Therefore, we deduce that
H1Iw(Qp, TΠ)
# =
{
x ∈ Image
(
H1Iw(Qp, Tn)→ H
1
Iw(Qp, TΠ)
)
: Pr′(z) ∈ ker Colω◦n
}
,
H1Iw(Qp, TΠ)
♭ =
{
x ∈ Image
(
H1Iw(Qp, Tn)→ H
1
Iw(Qp, TΠ)
)
: Pr′(z) ∈ ker Colω◦n+1
}
.
When αn = −αn+1, (that is, when the Pollack condition (Pol) holds), we may describe
ker Colω◦n and ker Colω◦n+1 explicitly in terms of certain jumping conditions on the classes in
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H1(Qp,k, T
′
Π), similar to Kobayashi’s plus and minus Selmer conditions for elliptic curves
studied in [Kob03] as well as their generalizations to the modular form case studied in
[Lei11].
5.2. Iwasawa Main Conjectures. We can now formulate the following “signed” Iwa-
sawa Main Conjecture.
Conjecture 5.5. For • ∈ {#, ♭} and η a Dirichlet character modulo p, the Λ(Γ1)-module
Sel•p(T
†
Π/Q∞)
∨,η is torsion and there exists an integer k(•, η) ≥ 0, depending on η and •,
such that
charΛ(Γ1)(Sel
•
p(T
†
Π/Q∞)
∨,η) = (πk(•,η)L •,ηp /I•,η),
where π is a uniformizer of F and I•,η denotes a generator of charΛ(Γ1)
(
coker
(
Col•ω
)η)
.
Remark 5.6. We expect that L •p to be inside the image of Col
•
ω, which explains the
presence of the term I•,η. See Remark 5.11 in the next section for more details.
We conclude this subsection by saying a few words on why we expect Sel•p(T
†
Π/Q∞)
∨,η
to be torsion over Λ(Γ1). We recall the following weak Leopoldt conjecture for T
†
Π (see
[Gre89, Conjecture 3]).
Conjecture 5.7. The second cohomology group H2(QΣ/Q∞, T
†
Π) is zero.
By Remark 2.5 and [PR95, Proposition 1.3.2], Conjecture 5.7 is equivalent to
rankΛ(Γ1)H
1(QΣ/Q∞, T
†
Π)
∨,η ?= n.
As in [Gre89, proof of Proposition 6],
rankΛ(Γ1)
∏
v∤p
H1(Q∞,v, T
†
Π)
H1f (Q∞,v, T
†
Π)
∨,η = 0.
By duality, we have
rankΛ(Γ1)
(
H1(Qp(µp∞), T
†
Π)
H1• (Qp(µp∞), T
†
Π)
)∨,η
= rankΛ(Γ1)
(
Ker
(
C˜ol
•
ω
))η
= n,
since H1Iw(Qp, TΠ)
η is of rank 2n over Λ(Γ1) (see [PR94, Proposition in §3.2.1]) and the
image of each Coleman map in the direct sum defining C˜ol
•
ω is non-zero (see Lemma 4.4
and Remark 4.9(i)). Therefore, Sel•p(T
†
Π/Q∞)
η is the kernel of a morphism from a Λ(Γ1)-
module of corank conjecturally n to a Λ(Γ1)-module of corank n, which is a necessary (but
not sufficient) condition to be cotorsion. This is inline with the Greenberg Selmer group
for p-ordinary representations studied in [Gre89].
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5.3. Conjectural Euler systems. We discuss in this section how the existence of an
Euler system for the representation TΠ would allow us to obtain evidence towards Conjec-
tures 5.5. We emphasize that the discussion in this section is mostly speculative. Through-
out, we fix • ∈ {#, ♭} and a Dirichlet character η modulo p.
Definition 5.8. For i = 1, 2, define the Λ(Γ)-module
Hi(TΠ) = lim←−
k
H i(QΣ/Q(µpk), TΠ).
Perrin-Riou formulated the following conjecture on the existence of Euler systems in
[PR98]:
Conjecture 5.9. Let N be the set of integers of the form mpk where m is a square-free
product of integers that are coprime to the conductor of TΠ. There exists a system of
cohomological classes cr ∈
n∧
O[Gr]
H1(Q(µr), TΠ) : r ∈ N

where Gr = Gal(Q(µr)/Q) satisfying a precise norm relation as m varies. Furthermore,
the p-localization of cr is related to the complex L-values of T
∗
Π(1) twisted by characters on
Gr under the Bloch–Kato dual exponential map.
Remark 5.10. When the representation comes from modular forms, the existence of Euler
systems is known; thanks to the work of Kato [Kat04]. There are also results on the
existence of rank-one Euler systems (classes lying inside H1(Q(µr), TΠ), rather than in a
wedge product) when G = GSp(4) (see [LSZ19, LZ20]) and G = GL(2) × GL(2), (see
[LLZ14, KLZ20, KLZ17, LZ16]).
Remark 5.11. Note that Conjecture 5.9 predicts the existence of a special element z =
z1 ∧ · · · ∧ zn ∈
∧n
H1(TΠ). It seems reasonable to expect the following equality to hold:
(5.3) L(λ)ω (loc(z))
?
= L (λ)p ,
λ ∈ {α, β}. Here loc denotes the localization map
H1(TΠ)→ H
1
Iw(Qp, TΠ),
which we extend to the wedge products. For the rest of the article, we assume such an
element z does exist. Then (5.3) would imply that
Col•ω(loc(z)) = L
•
p .
Under various technical hypotheses of the Euler system machinery, it would also give the
inclusion ⊃ of Conjecture 5.5.
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The Poitou–Tate exact sequence in [PR95, Proposition A.3.2] gives the following exact
sequence
H1(QΣ/Q(µpk), TΠ)→
H1(Qp,k, TΠ)
H1(Qp,k, TΠ)•
⊕
⊕
v∤p,v∈Σ
H1(Q(µpk)v, TΠ)
H1f (Q(µpk)v, TΠ)
→ Sel•p(T
†
Π/Q(µpk))
∨
→ H2(QΣ/Q(µpk), TΠ)→
⊕
v∈Σ
H2(Q(µpk)v, TΠ).
On combining this with (5.1), we obtain the exact sequence
H1(QΣ/Q(µpk), TΠ)→
H1(Qp,k, TΠ)
H1(Qp,k, TΠ)•
⊕
⊕
v∤p,v∈Σ
H1(Q(µpk)v, TΠ)
H1f (Q(µpk)v, TΠ)
→ Sel•p(T
†
Π/Q(µpk))
∨
→ Sel0p(T
†
Π/Q(µpk))
∨ → 0.(5.4)
Upon taking inverse limits, [Kat04, Section 17.10] tells us that the modules in the second
term of (5.4) vanish for v ∤ p. Hence taking the η component and inverse limits we obtain
the following exact sequence
(5.5) H1(TΠ)
η →
H1Iw(Qp, TΠ)
η
H1Iw(Qp, TΠ)
•,η
→ Sel•p(T
†
Π/Q∞)
∨,η → Sel0p(T
†
Π/Q∞)
∨,η → 0,
where the second term is isomorphic to Image
(
C˜ol
•
ω
)η
by the isomorphism theorem. Let
us write
Z(TΠ) := SpanΛ(Γ){zj}
n
j=1 ⊂ H
1(TΠ).
Then (5.5) gives the following exact sequence:
(5.6) 0→
H1(TΠ)
η
Z(TΠ)η
→
Image
(
C˜ol
•
ω
)η
C˜ol
•
ω ◦ loc(Z(TΠ))
η
→ Sel•p(T
†
Π/Q∞)
∨,η → Sel0p(T
†
Π/Q∞)
∨,η → 0.
In particular, we see that the equality of characteristic ideals in Conjecture 5.5 is, up
to a power of π, equivalent to
(5.7) charΛ(Γ1)
(
H1(TΠ)
η
Z(TΠ)η
)
?
= charΛ(Γ1)
(
Sel0p(T
†
Π/Q∞)
∨,η
)
.
We note that Sel0p(T
†
Π/Q∞)
∨,η →֒ H2(TΠ)η and hence is torsion whenever H2(TΠ)η is
torsion. As TΠ is a finitely generated Zp-module, we have
lim←−
k
⊕
v∤p,v∈Σ
H0(κ(v), H1((Q(µpk)v)nr, TΠ)) = 0,
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where (Q(µpk)v)nr is the maximal unramified extension of Q(µpk)v and κ(v) is the residue
field at v. By an argument similar to [Kur02, p. 217], we have
charΛ(Γ1)
(
Sel0p(T
†
Π/Q∞)
∨,η
)
= charΛ(Γ1)
(
H2(TΠ)
η
)
.
Hence (5.7) is equivalent to
charΛ(Γ1)
(
H1(TΠ)
η
Z(TΠ)η
)
?
= charΛ(Γ1)
(
H2(TΠ)
η
)
.
This is analogous to Kato’s Iwasawa main conjecture for modular forms (see [Kat04,
Conjecture 12.10]).
Remark 5.12. In this remark, we suppose that Conjecture 5.7 holds. By Remark 2.5 and
[PR95, Prop. 1.3.2], H2(TΠ)
η would be Λ(Γ1)-torsion, whereas the Λ(Γ1)-rank of H
1(TΠ)
η
would be n. Then (5.5) tells us that the torsionness of Sel•p(T
†
Π/Q∞)
∨,η is in fact equivalent
to the existence of an element cp∞ ∈
∧n
H1(TΠ)
n such that its image under Col•ω ◦ loc is
non-zero.
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